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Introducllon 

Patll:m Finna occun v.hc:n a S).,lem fires a pre-assigned 
number of rounds to m&al" a ai•·m UlrJ<t more or less 
simultaneously. and 11 a capoble of sclecuna tnd~>ldual 
ainung-pou11s for these rounds (allo\\ing 'offsets'). Many 
mititary O R problems concern Pauern Firing. Classical 
euntplcs have been documented at length. 1 and they remain 
to be imponant m modem a~r-to-around operauons, n.a•·al 
operatiOns. tank gunoery. nus.ilcs and <:antUer aniDery. to 
name onl) a few immedtate apphc:auon areas 

We conSider the satuauon where round-to-round (ballistic) 
errors urc nq~l!lble eomP'Ircd to the aimtna (systematic) 
errors. This assumption may be valid 111 m.ut) firing 
situ:atiom: s:uch a.J aenaJ bomba~t.. v. b.ic:h may be 
subject to rdau,-.:ly ~ d~>penion but to rdam'cly 
sigrulicant a10ung error Oand and AWou~ noted that 
"''ben the l.'lrJll'l and tbc dtstnbutton of the btl dtsplacernerots 
are one-<!Jmenstonal ('linear taraet'). and when there is 
no round-to-round error. the optun31 auruna poonts that 
muimrzc: the probabillt) 10 lui the 1.afFt b) at I<<Ul ooo of 
se>-.nl odentac:al I'OUDCh arc ea.saly calc:ulablc Spealically, 
cm'islon a bncar larJ!d of •-.dtb 24 (cg. a ptpehne with 
c:oolac-eulter da~ function of distanoe a) and a lateral 
systemauc error for aD n atmmg potnts thai 1S S)mmetric:al. 
"'itb. Silly. a standard dc>tauon a If the: on110 1S at the target 
midpoint (q_ the ppeilnc IUCU). then the opumal lateral 
aiming poonts <, for rounds 1 • I , ,_ . n are tndependmt of a. 
and the) ""' gwen by: 

(a) lf n t> even, ,_ JJ<: c 1 .. - (2-'<- I)D, c1- -(2-'<-3)4. .... 
c.~-o. c,_. =a. ca :•la . .... c.=(2.l-l)a .. 

·~ Jl Krnl. o,.,_,.., Jt~ Dq¥101•••. Ntrrd 
Postg ..... tr SdtoDI .ll~~n~trrr. C'A 9»>J. USA 
E-mai: rM.nw(11 n~¥-cd\1 

(b) If" is odd. n - 2k+ 1: c 1 • -2ko. c,=-(2k-2)a, ... 
ck=-2a. c . ... -o. c*_1 =2a ..... c.=2ko 

Tills holds true for any t1llliDOdal aror dtunbuttOn, 
S)mmetrie around zero (q. a GausSt•n unbiased error). 
Note that the aiming points arc symmetrical around the 
target centre and arc eq uaUy spaced ulona the lcnatlt oft he 
linear target (in the above appbcauon, along the "ultlt of 
tbc pipeline). 

The rigorous proof in Oa•ld and Alalour' proan:sses 
gradually alOOJ! three lemmas. and 11 can be vasunl•zcd 
informally as follows: think of the problem as if there .,..., .. a 
point target at tbe origin of an x-y plane, and each dchvery 
round is tantamount to sliding a Sitek. along the )•axlS. tn 
order to cnq:r tbe onam- Eadl sUCk as of lcn(lh 24 1-tntly. 
there should be no boles ('gaps) bet,.un tbe sudu Thrs •s 
shown by way or contradtction. us.na the t"'o-Sidcd drop-off 
of probability at the tails of the error-dtstnbution. Secondly. 
onoe it is lcno-...'D that ·one big StJt:k' IS to be thrown. the same 
:lfJU!l1ftlt as abo>-.: )'ldds that the emtre of the: stick <bould 
be amxxl at the: pomt target. 1'1urclly and finally. II \S n
ob>•oas that the: stK:Ic bas to be stretched as ion& as po~Rblc 
";tb o•-eriapping among the: indJ,ldual sucks. Tlus ·~o 
O•erlap :-;o Gap' principle. toac:tber "-1lh symmetry, 
un~quivocally g;,.., (a) and (b) a.OO.-e 

A generalizatioa 

The suck metaphor ah-cs rise to the Idea that the onamal 
sticks that belong to the n rounds need not be of the stullC 
size. Tbey do not e.-en ba"" to evol•-.: from S)mmctnc: 
vulnerability rdauve to tbe middle of the ta1ttt1 (a tata<l 
may be more vulnerabl~ at one Side tban a1 the Other). 
Speaftea!Jy, "" assume from now on that round I, 
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i =I, ... , n, kiDs the bnear target if it hits at most $1 meters 
before the target cemre ('short'), or a t most L, meters 
beyond the target center ('long'}. The difference among the 
indi"'dual s;s and L;s retlec:ts the difference among the 
'-arious munitions. It may also arise: because of different 
urget"5 pres01s•d dt'plltr.. the ·linear· target in the plane may 
have a long second dimension. perpendicular to the direction 
at which the n rounds may be dropped. The attacker may 
choose to eoga!l" llus tMget at various locations along its 
second dimension Indeed. cons;der an aircraft c:an);ng n 
bombs in order to hit a road or a papeline .. The only source 
of error is assumed to be the firing computer target location 
error. a nd it is common to all bombs. The bombs may incur 
dill'crent letbalit> against the road. or the bombs ma) sull be 
identical. but the pilot. swooping do,., O\-er the road more 
\han once. elects to release them at different locauons along 
that road. Airforce O R analysts may face such intriguing 
problems when target roads or other types of linear targets 
extend over water· if the bomb misses the ph)'Sical 
boundaries or the bne. \hat bomb is totally ineffecth·e. 
HowC\er, if it Juts Lhe line, it is many-fold more effecth·e 
tlt"n a bomb, which hits the line on the ground. The ensuing 
optimization problem of this case is. bOY.C\er . beyond the 
scope or the present prototypical model. 

As before.. let the aiming point or round i be c,. rebti\'e tO 

the target cenu-e (eg.Lhc median of a road). The new result is 
as follows. 

Proposition Suppou n rounds or~ find subj«t to a 
SJ·stmltl.tic uror only. with a sytnn~tr;c. 1111imodol nror· 
distnbution. Then tl~ optt'mal ain1ing points ill th~ dtff"~rmt· 
weapon case are gi,·en by: 

l-1 • 

~, = E cs .... L.,l/2- E cs.- L.,J/2 - s, <•J 
i.O i=l 

il1dependeni/y of the ~rror sta11tkud devialiQJt c;, for 
I= I . .... n. So and Lo or~ anfli~iolly ~~ to =no. 

Ptoor We choose an orientation as shown in Figure I: a 
'long' hit is to the /4f or 3 point target on a one-dimensional 
axis. Thus. the target is killed by rowtd I if the realizu tion x 
of the aiming error X satisfies 

-Li ~C; ..L .:cl!!it S, 

for aU i~ i= t • ... . 11. or, alterna tively, 

-L, - ci:s;x~S,- c; 

(Recall that the aimmg error is common to aU rounds and 
tlterefore x need not be indexed). The interv-...1 [-L, -~1• S, 
-cJ IS Qlled tbe Permissible Error Range ( PER) of round i. 
and is denoted by PER.. Any aiming error witlun PER. 
results tn round i being effective. Its length. S ,+ 4 may be 

Errot·X 

S,<>, ~. -c., s, -c., 
'-.-' 

Gap 

Flgure l Aiming-points and their re>-p::ctive PERs. 

thought of as the length of a 'stick' thrown an round i. 
Figure l ,·isualizes this concept as well. 

We establish tbe 'No 0\-erlap No Gap' and Symmetry in 
the different-•"ea.pon case. and treat the 'No gap' pan 
flTSl. that 1S. for aD i. i=l. ... ,n-1. c,+ 1- c,.;; L.,+S,_ 1, 

See F igure I. If not, there ts some j such that 
c1+ 1-Cj= L1 +S1+ 1 +h. for h>O. Assume tha t ~1+L;<O. 
(A right case: it IS 'right' because PER; lies to the right of 
zero). 

I. Suppose j= I. ca=Cl-La- 5 2-h. The prob:>bility that 
round l hits tJ1c target is R:-c1 + S 1)-ft-c1-L1) = 
f( -c2 + L 1 + S 2 + S1 +h)-R: -c2 + S2 -"-/a). The argu
ments ofF are positi•·e. since -t'l+ S2 +h= -<:a-La >0. 
Thus. because the deriv:ati..,. or F decreases for posim-e 
\':\lues, this probability is maximi~ wilh h = 0. (The 
differentiability of F may he relaxed, but it helps in 
presentation.} By replacing c 1 "ith c,• = c2- L 1-S, we 
increase the total objective b) the resultlnJ positive 
daffe.-.:oce for tbe first round. 

2 Suppose j> I. Distinguish between the case where the 
1>air of aiming-points j and (f- 1) also mal<cs a gap, and 
the case where it does not. If not. then e;- c_,_ 1 < L1_, - s, 
Define lr" =min{ h. Lr• + Sr("r"r-•>>· Change the jtb 
runling-puiol \0 c1 • = c1+ h•. (No change is made in lb: 
other aiming-points.) It follows that this increases the 
overall objective exactly by P( - c2- L2-lt" ,.;. X,;;, -c,- Li). If. bo,.-ever. there is an additional gap there. 
Lhat is. C;- c_,_ 1 <L,- 1 +S1 (see Figure 1). the condition of 
the jib round is the same as that of the first round in the 
rose J = I abo,·e. and, by filliDg the gap in letting h = 0. we 
increase tbe objective probability exactJy by the resulting 
probability-increase for tbe jib round. 

If ~;T L1>0 (a kft ease). then necessarily c1 1 -S1~ 1 >0, 
and a mirror analys;s, distinguislung cases regarding round 



j T I. may be carried OUL ln this time, pushing the pp do\>-n 
to h-0 relics on tbe uocr~ of the density or F for nor•m"' 
'•alues. 

Now. with '1\o gap' established, the resulting expression 
for the objecti,·e is P(- c.- L..;X.;-c1 +51). It is easy to 
see. using the same propccties ofF again. that this expression 
is maximized by letting c.+ L. = - (c1 + S1) . This is sym· 
metry. n~e length of the total PER, TPER, is 2(c. + L.}. 

We conclude with showing the 'No ow,dap' part. Indeed. 
by contradiction again. if there is a round}, I <j<n-1. such 
that c1 • 1-<j+h=L1+ Si -l· for h>O. ~~o-e redefine the 
aim1ng·points such that c,• = c,-/t/2 for i = I, ... . J- I, and 
c/ =c1+hf2 for i=j ..... n. Symmetry and 'No gap' are 
ret;uned. and TPER is increased by h. ancreasmg the total 
kall probabolity as well Thus, the original set of aurung
points cannot be optimal 

(It is not difficult to extend the O\-erall argument by 
pro>ing thai if P is a probability measure o n the real line 
with a unimodal, symmetric density, and max P(A) is sought 
over all Borel sets that have Lebesgue measure 2o > 0, then 
the solution is obtained taking A to be the m tervul [-a, aJ. 
n.e extension is hardly of interest to air·bombers. though). 

Leuing now I, 2, 3, .. .. 11 be the order of round de~'·ery. 
we invoke the 'No Overlap No gap' a11d the symmetry 
principles. to get that the optimal c,'s must satisfy the 
following set of indcpc:ndCDt linear equations: 

-L,-c, -~ - q 
-L:-Cl =Sl - C) 

-£.... ... , - c•-1 = s. - c" 
-L,.- C11 = -SI + CJ 

(No Orerlap No Gap) 
(") 

(") 
(symm~try) 

(2a) 
(2b) 

(2n) 

The result (I) may rea<fily be seen to satisfy the set of 
mdependent set of linear equations (2a)-(2n). 0 

Examples :liiCI comments 

n! drffrrent optimal aiming points. Smce the round deh''CC)' 
sequence is arbitrary, and since all aiming·points must make 
a symmetric 'stick'. it follows that the maximum kill 
prob,.bility may be attained by each one of the 11! possible 
o rders o r bomb releases. Each o rder induces. however. a 
d ifferent pattern that is optimal, as implied b)• the respecli\'e 
set of linear equations (2a)-(2n) a bove. 

There are exactly II.! optimal solutions-so that the order 
of releasing bombs does not affect optimabty and therefore 
it may be determined by operational considerations. 
~ kUJ probabiliry.•. The total PER length. TPER. is 

ob\lously L:'=• (S; -r £.). lf F is the edf of X. then. by 
S)'IIUnelr)'. the maximal kill probability is 2F{TPER./2)- I. 

Example: 11 = } , GaussiiJit distribution 

In this case a rigorous proof of the main result is 3\'ailable 
straightforwardly. along tradiuonal lines. Lndeed. 

P(X E P£R1) + P(X E PER2)- P(X E PER, n PER,) 

(3) 

needs to be ma;umiliC:d. over c1 and c2. \Vc assume wilhout 
loss of generality that c1 4tc,. 

E.'<pression (3) translates to 

l l<o.<'1) =4>(-c,.,. Sl ) -<1>(-ci -La) 

... <I>( -c, ... s,) - "'< _., - L,) 
- cf>(min{-q ... s,, -c:- s,}) 
+ 4>(max{ -c1 -La. - Cl - L2}) 

(4 ) 

constrained such thattbc min should be no smaller than the 
max. (e1 = I has been assumed. without loss of generality. cf> 
is the standard normal edf.) 

lf c1 + L1 < c:-51• the two PERs do not intersect, and I 
takes o nly tbe first two summands in (4). U we select c2 such 
that - c,+S2 <0, 4l(-c 1 +S1)-<I>(-c1-L1) is increas.ng, 
and the expression is maximized by the rightmost c, givmg 

<t + Lr ~ C2 - S, (S) 

In a SIIIlilar ""Y· 1f ""start ,.;th c2 such that -c: + S1 > 0. 
and any c1 such that c1 + L 1 < c,-Sz, there is a possoble 
redefinition of c1 and c2, obeying ( 5). wlrich }ields a better 
objective. Substitutmg (5) in the firs t line of (4), and 
ma<imizing the unconstrained problem in c1, then applying 
(S} again, we readily get c1 =(S1-~-L1 -L:)f2, and 
c1 = (51+ S2 + L1-L,)f2. complying with (1). 

If c1 + L1 ;;. c,-51• (intersecting PERs. one 'stick' }, we shall 
assume that the min in (4) takes its value at -o, + S2 and the 
ma.< at - c 1-L1• ( It as araucd again that an equivalent such 
stic-k may be srT'Snsed in aD other eases. by 3 proper choi« 
of c1 and Cl-} We funber take for granted that the stick· 
aiming C0\1!f'S the point·target. that is. c2 + L,> 0 and 
c,-S1 < 0. Equation (4) reduces to 

l (cr.c:) = cf>( -co +Sa) - F(--c: - L,) 

Using the identity t;'(x)--x«x) for the standard normal 
density. the sign o f t.hc determinant of the Hessian matrix of 
I comes out easily to be that of -(c1- S1) • (c1 + Li), which is 
positive. The second derivath-e of 1 with regard to c1 is 
po5itive too, so I is convex. ll is constrained to the convex 
(trapezoidal) area defined by .,;;.c1• c2 .;c1 + L 1 + S2• 

c1 .;S1• and c1 ;;. L,. and thus it takes its maximum on the 
boundaries of this an:a. It follows that (S) applies again. and 
the rest is as before. EVIdently. carrying on this line of 
argument to h1gher n's IS lu&bJy tedious. 



A numerical exanrple 

Suppose three missiles are launched at an elongated 
vertical antenna (or a tall and thin command building). 
T he missiles are aimed at three level points. where tbe 
antenna shape o r vulnerability diiTer, so that S = 30 
and L=60 for missile I, S=20 and L=40 for missile 2, 
and S= 10 and L=10 for missile 3. T he missiles share a 
common (horizontal) aiming Gaussian error (there are no 
vertical errors). The following table lists three o f the six 
possible optimal firing sequences. Tbe aiming displacements 
are horizontal relative to the vertical centre-axis of tbe 
anlcnna. 

FiriJtg Optimal Optimal Optimal 
sequence c, c, ,., Total PER 

1- 2-3 -85 -5 45 (- 115,1 15) 
1-3-2 -85 -15 15 (-115.115) 
3-2- t -105 -15 55 [-115.115) 

If a< 50. th<: odds of knocking down the antenna exceed 
97%. If, on the contrary, a> 100, these odds go down to less 
than 75% (see Figure 2). 

S ummary 

Many military OR problems concern Panern F iring where 
each round of fire is aimed at different point. Classical 
examples have been documented a t length since the early 
1950s, and they remain impon.ant in many modern combat 
situations such as air-to-ground operations. naval opera
tions, tank gunnery, missiles and canister artillery. Optimiz
ing the firing pattern is a typical problem in firing theory, 

LOO 

0.90 

o.ao 
0.70 

0.60 

0.50 
0 .40 

0.30 

0.20 

O.to 
0.00 

0 

~ 

50 

""'-. 
""'-. 

100 

"-..._ 
~ 

--........ ---
150 200 250 

Figu~ 2 Probability of knocking down [he ancen.na as a 
functjon of <1. 

which has been considered analytically only in a 'symmetric' 
setting where the munitions are identical. Modern weapon 
systems (eg, aircraft) typically carry several types of 
munitions and therefore optimizing multiple asymmetrical 
pauem firing has become an important problem. In this 
Note. we describe such a firing situatio n and o btain for the 
first time itS o ptimal pattern. 
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